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Abstract: Various bifurcation behaviors, including asymmetric axial buckling induced by end thrust, 
bifurcation under external pressure, and eversion without any loading, of a soft circular hollow 
cylinder (or cylindrical shell) composed of functionally graded incompressible elastomeric material 
are considered in a unified way. Based on the nonlinear elasticity theory of a deformable continuous 
body undergoing large deformation and the linearized incremental theory for a superimposed 
infinitesimal deformation, an efficient approach for buckling analysis is developed and applied to 
the cylinder subjected to a combination of axial end thrust and internal/external pressure. It is based 
on the state-space formalism, which naturally avoids the derivatives of instantaneous material 
constants, enabling a convenient and accurate numerical implementation. Along with the layerwise 
method, an analytical characteristic equation (i.e. the bifurcation criterion) governing the general 
asymmetric buckling of the cylinder is derived. Detailed parametric studies are then carried out for 
a pressurized soft functionally graded hollow cylinder using an incompressible Mooney-Rivlin 
material model. The effects of material gradient on bifurcation induced either by end thrust or 
external pressure are discussed through numerical examples. Not only does this study provide an 
efficient tool for buckling analysis of soft cylinders, some findings that are unique to a functionally 
graded material are also highlighted. All in all, it is found highly possible to tune the bifurcation 
behavior of soft elastomeric cylindrical shells by tailoring material composition and/or adjusting the 
pressures acting on the surfaces of the cylinder.  
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1. Introduction 
Functionally graded (or gradient) material (FGM) is a new type of inhomogeneous material 
with its (mechanical, physical, biological, etc.) properties varying continuously along one or more 
directions with respect to a specified coordinate system. The particular continuous variation of 
material properties endows the FGM with some unprecedented functions such as resisting high 
temperature, eliminating sharp stress discontinuity, and avoiding high stress concentration, while 
taking full advantage of each material constituent in it. 
FGM first appeared in the middle of 1980s, with the metal and ceramic phases mixed in a 
controlled way to achieve a continuous spatial change in material properties. Since then, mechanics 
of functionally graded materials and structures has been a focus in solid mechanics and relevant 
disciplines, and a lot of studies have been carried out [1-8]. The most important feature in the 
analysis is that the three-dimensional equations governing the problems are partial differential 
equations with variable coefficients [9]. This usually leads to undesired mathematical difficulty 
even in the elastic regime, which, however, has also triggered many efforts in seeking for analytical 
or numerical solutions for FGMs. Besides material inhomogeneity, geometric nonlinear deformation 
is another complex problem in FGM beams, plates and shells that attracted great interests from the 
researchers [10]. However, most of the existing studies on FGM structures deal with weak 
geometric nonlinearity within the framework of von Kármán type nonlinear strain-displacement 
relations only [10-15].  
In many engineering applications (e.g. rubber industry and food engineering), both the full 
geometric and material nonlinearities should be taken into account in order to accurately predict the 
mechanical behavior of materials and structures that are relatively soft and undergo very large 
deformations. This need has given birth to nonlinear continuum mechanics in 1960s [16, 17]. As a 
revival of this early research activity, in certain sense, but with fundamentally new grounds, 
mechanics of soft matter has become a very important and exciting research area in the recent 
decade. One hot topic is the analysis of highly elastic materials and structures such as elastomers, 
gels, and biological tissues which have been found to have novel applications in sensors, actuators, 
prostheses, soft robotics, etc. Among the two important review articles in this area, Suo [18] 
focused on the nonlinear theory of dielectric elastomers, a class of soft active materials with 
coupling between the elastic deformation and the electric field. Two failure modes, i.e. the electric 
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breakdown and electromechanical instability, were analyzed particularly in order to realize large 
deformation driven by the electric means. Li et al. [19] discussed the morphological instabilities and 
surface wrinkling that are frequently observed in soft materials susceptible to diverse instability 
phenomena which, however, are not always negative. For example, the controlled buckling and 
postbuckling can be used to develop smart devices and mechanical systems with distinctive 
functions [20, 21]. It is noted that, buckling (bifurcation) analysis of highly elastic materials and 
structures has a long history dated back to the seminal work of Green et al. [22], where the 
equations they established for a small elastic deformation superposed on a finite elastic deformation 
can be used to discuss the stability of the given finite deformation [23-31]. Nevertheless, there are 
also some interesting studies recently carried out for hybrid structures with soft phase that are based 
on nonlinear geometric relations only and employ approximate structural theories [32-34]. 
It is not surprising that, not long after the metal-ceramic FGM first appeared, its concept 
spread into other material systems, including rubber vulcanizates [35, 36], a representative class of 
highly elastic materials. It has also been reported that material gradient in biopolymers (e.g. protein) 
is pivotal to certain unique function or ability of living beings [37]. Libanori et al. [38] prepared 
heterogeneous composites by a hierarchical reinforcement approach, which exhibit regions with 
extreme soft-to-hard transitions while still being reversibly stretchable up to 350%. Research on 
mechanical behavior of functionally graded, highly elastic materials and structures has been 
reported by Bilgili and his coworkers in a series of papers [39-42], indicating a significant role 
played by the material gradient. Batra and Bahrami [43] presented analytical solutions for the 
axisymmetric deformation of a pressurized circular cylinder made of an inhomogeneous 
Mooney-Rivlin material subjected to an axial constraint or compression. Batra [44] further showed 
that, by properly choosing the material grading form, the axisymmetric stress distribution in a 
functionally graded rubberlike cylinder or sphere can be optimized. On the other hand, Saravanan 
and Rajagopal [45] pointed out that the homogenization techniques that are frequently adopted from 
a viewpoint of energy equivalence may not work well for inhomogeneous highly elastic materials. 
All works mentioned above indicate that it is very important to accurately evaluate the effects of 
material inhomogeneity on the mechanical responses (including failure modes) as well as the 
functioning of soft materials and structures.  
This paper considers the problem of instability of pressurized soft hollow cylinders composed 
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of a functionally graded incompressible Mooney-Rivlin elastomeric material. Our main idea is to 
study the effects of material gradient in the radial direction on the critical end thrust (axial force) or 
external pressure so as to explore the possibility to control the buckling behavior of elastomeric 
hollow cylinders in novel applications. The rest of the paper is divided into several parts. We will 
first present, following Ogden [46], a brief account of the general nonlinear elasticity theory as well 
as the linear incremental theory of the infinitesimal deformation superposed on a finite deformation. 
Then, the boundary-value problem of a pressurized nonlinear elastic incompressible hollow cylinder 
is formulated and the analytical solution of axisymmetric deformation is derived for a particular 
radially inhomogeneous Mooney-Rivlin material. With this solution in hand, and based on the linear 
incremental theory, we employ the state-space approach to derive a buckling characteristic equation 
(i.e. the bifurcation criterion) to obtain the critical axial stretch and/or the bifurcation external 
pressure for a general asymmetric buckling mode. Numerical examples are presented to discuss the 
effects of material gradient on the instability behaviors (including the critical axial compression, the 
bifurcation pressure, the buckling mode transition, etc.). The paper ends with some concluding 
remarks on the bifurcation behavior of functionally graded elastomeric hollow cylinders caused by 
end thrust or outer/inner pressure. In particular, the problem of numerical stability using the 
state-space formalism is discussed. Future research directions are also highlighted. For 
completeness, the analysis of eversion of soft functionally graded hollow cylinders is presented in 
Appendix A, where the effects of material gradient on this particular bifurcation phenomenon are 
discussed through a numerical example. Some analytical results that are useful for performing 
numerical calculation are explicitly given in Appendix B. 
 
2. Basic formulations 
In this section, we summarize the nonlinear elasticity theory of a deformable continuous body 
by following Ogden [46] as well as the linearized theory for the incremental deformation 
superimposed on a finite deformation. Since only static buckling behavior is considered in this 
paper, the inertial effect in the governing equations can be ignored. 
In the absence of external stimuli, the body is considered to be in the reference configuration, 
in which an arbitrary material point X is identified by its position vector X in a specified orthogonal 
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coordinate system. The body occupies a region rΩ  in that configuration, with boundary r∂Ω  and 
outward normal rN . When external stimuli are present, the body moves and occupies a new region 
0Ω , with boundary 0∂Ω  and outward normal n . This corresponds to the initial configuration. 
The motion is described by ( )=x χ X , where x  is the position vector of the material point X in the 
initial configuration with respect to possibly a different orthogonal coordinate system, and χ  
which maps X to x  is an invertible vector function. We define the deformation gradient tensor as 
/ Grad= ∂ ∂ =F x X x , and the local volume change is det 1J = ≡F  for an incompressible material. 
In the absence of body forces, the equilibrium equations for the body are 
 Div =S 0   or  div =σ 0  (1) 
where S  and σ  are the nominal stress tensor and the Cauchy stress tensor, respectively, and they 
are related through 1J −=σ FS , and Div and div are the divergence operators in the reference and 
initial configurations respectively. 
Suppose that the behavior of the incompressible nonlinear elastic material considered can be 
described by a strain-energy function ( )W F  per unit reference volume. The stress-deformation 
relation is then given by 
 
1W p −∂= −
∂
S F
F
  or  
W p∂= −
∂
σ F I
F
 (2) 
where p is a Lagrange multiplier associated with the material incompressibility constraint, which 
may also be identified as a hydrostatic stress, and I  is the identity tensor. 
On the boundary, we have the following conditions (in the Eulerian form): 
 =x x  or a v= +σn t t  (3) 
where x  and at  are the prescribed motion and traction vector on the respective portions of the 
boundary 0∂Ω , and vt  is another part of traction vector that depends on the problem (e.g. the 
pressure exerted by the internal or external gas, the Maxwell stress vector exerted by the internal or 
external electric field). We have d da Aa A=t t , where At  is the known and fixed traction vector 
with respect to the boundary r∂Ω , with d A and da  being the differential areas in the reference 
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and initial configurations, respectively. In a similar manner, we assume d dv Va A=t t . Then, it is 
not difficult to obtain the Lagrangian counterpart of Eq. (3), which is however omitted here for 
brevity. 
Now suppose that an infinitesimal deformation  is superposed on the arbitrary 
deformation described by ( )x X . Here a superimposed dot denotes an incremental quantity. We 
define the displacement vector ( )u x  through ( ) ( ( )) ( )= =u x u χ X x X& . Note that since the 
incremental deformation is infinitesimal, it is unnecessary to distinguish between the initial 
configuration ( x ) and the current configuration ( +x x& ). According to Ogden [46], we have the 
following equilibrium equations for the incremental field: 
 0div =S 0&  (4) 
where 0S&  is the incremental nominal stress tensor, but with the reference configuration updated to 
the initial configuration. As the first-order approximation of the constitutive relations, 0S&  is 
linearly related to grad=η u  (with tr 0=η  due to material incompressibility) through 
 0 p p= + −S η η I& &B  (5) 
where B  is the fourth-order tensor of instantaneous elastic moduli, whose Cartesian components 
are given by 
 
2
piqj p q
i j
WF F
F Fα β α β
∂
=
∂ ∂
B
 (6) 
For an incompressible isotropic elastic material, we may calculate, in terms of the principal 
stretches ( 1, 2,3)i iλ = , the non-vanishing components of B  by referring to the principal axes of 
σ
 as: 
 
( )
2
2 2 , ( , )
1
, ( , )
2
, ( )
iijj jjii i j ij
i i j j
i i j
i j
ijij
iiii iijj i i i j
ijji jiij ijij i i
W
W W
i j
W i j
W i j
λ λ
λ λ λ λ λλ λ
λ λ λ
λ
= =
−
≠ ≠
−
= 

− + ≠ =
= = − ≠
B B
B
B B
B B B
 (7) 
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where /i iW W λ= ∂ ∂  and 2 /ij i jW W λ λ= ∂ ∂ ∂ . Note that for isotropic materials, W  depends on F  
only through the principle stretches, i.e. 1 2 3( , , )W W λ λ λ= , with 1 2 3 1λ λ λ =  due to the material 
incompressibility. Also, W  should be a symmetric function of ( 1, 2,3)i iλ = . 
On the boundary, we have the following conditions for the incremental deformation: 
 
=u u
 or T0 0 0A V= +S n t t& & &  (8) 
where u  and 0At&  ( 0d dA Aa A=t t& & ) are the prescribed incremental motion and traction vector with 
respect to the initial (or current) configuration. We also have 0d dV Va A=t t& & . 
 
3. Axisymmetric deformation of a pressurized hollow cylinder 
 
 
Fig. 1 A hollow cylinder subjected to internal pressure ip , external pressure op  and end thrust F ,  
shown in the initial configuration. 
 
Now let’s consider an FGM elastomeric hollow cylinder subjected to internal and external 
pressures as well as an end thrust. The FGM is assumed to be inhomogeneous along the radial 
direction only. In the reference configuration, the cylinder has inner radius A , outer radius B , and 
length L ; these parameters become a , b , and l  respectively in the initial configuration. The 
problem can be described graphically, as shown in Fig. 1. The end thrust is applied vertically on one 
Fixed 
F 
o
p
ip
a 
b 
l 
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of the two rigid sheets, both in smooth contact with the cylinder at the two ends, while another sheet 
being fixed. The two sheets are kept parallel with each other and perpendicular to the cylinder axis 
during the motion from the reference configuration to the initial configuration. This can ensure that 
the cylinder is compressed uniformly along its symmetric axis. 
To describe the motion, we adopt two cylindrical coordinate systems ( , , )R ZΘ  and ( , , )r zθ , 
with unit base vectors 1 2 3, ,e e e  along with the , ,r zθ -coordinates, respectively. Since the 
deformation before buckling is axisymmetric and z-independent, we have 
 3( ), ,r r R z Zθ λ= = Θ =   (9) 
where 3 /l Lλ =  is the principal stretch in the z-direction, and 
 
2 1 2 2
3( ) ( )r R a R Aλ −= + −  (10) 
due to the material incompressibility. The other two principal stretches are 
 1 2d / d , /r R r Rλ λ λ= ≡ =   (11) 
Since 1 2 3 1λ λ λ = , we have 11 3( )λ λλ −= . The nontrivial equilibrium equation for the z
-independent axisymmetric (i.e. generalized plane-strain) deformation is 
 
d 0
d
rrrr
r r
θθσ σσ −+ =
   (12) 
The corresponding boundary conditions on the two cylindrical surfaces are 
 
( ); ( )
rr i rr op r a p r bσ σ= − = = − =    (13) 
Following the analysis in Ogden [46] or Zhu et al. [47], we find that the analytical expression 
 2
3
ˆ ˆ
d d( 1)
b
a
b
o i
a
W W
p p r
r
λλ λ
λ
λ λλ λ− = − = −∫ ∫    (14) 
where 1 13 2 3 2 3 2 3ˆ ˆ( , ) ( , ) ( , , )W W Wλ λ λ λ λ λ λ λ− −≡ =  and ˆ ˆ /W Wλ λ= ∂ ∂ , is also valid even when the 
material is functionally graded along the radial direction. aλ  and bλ  in Eq. (14) are defined as 
 
2 1 2 2
3 ( )
,a b
a B Aa b
A B B
λλ λ
−+ −
= = =    (15) 
Thus, Eq. (14) may be seen as a nonlinear algebraic equation of a  (or aλ ) once the internal 
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pressure ip , the external pressure op , and the axial stretch 3λ  are given. After a  is solved from 
Eq. (14), the deformation is then completely determined according to Eqs. (9) and (10). Thus, we 
have 
 
/
3 3 2
3
ˆ
ˆ
, d( 1)a
r R
zz rr rr i
WW p λ
λ
σ σ λ σ λλ λ= + = − − −∫    (16) 
The end force can be calculated as 
 3 3
ˆ2 d 2 ( ) db bzz rr
a a
F r r W r rpi σ pi σ λ= − = − +∫ ∫    (17) 
 
Remark 1: The solution outlined above can be used to investigate the inflation and eversion of the 
cylinder, as Batra and Bahrami [43] did. The eversion is one kind of bifurcation of the cylinder in 
the absence of any external load. For completeness, we will give a brief mathematical description 
of the eversion in Appendix A in a way slightly different from Batra and Bahrami [43]. 
Remark 2: We can address two more instability problems: 1) The general asymmetric buckling 
caused by an end thrust (or axial compression). 2) The general asymmetric buckling caused by an 
external pressure (or by an internal negative pressure). However, these two problems can be treated 
in a unified way, see Zhu et al. [30] for homogeneous cylinders. The enhancing/ weakening effects 
of axial stretch (internal/external pressure) on the critical pressure (critical axial compression) for 
soft FGM cylinders subjected to a combination of axial stretch and internal/external pressure are 
then readily analyzed, as to be shown below.  
 
4. Asymmetric buckling analysis 
4.1. Basic equations for asymmetric buckling 
The above section presents some general relations in Eqs. (14), (16), and (17), without 
resorting to the concrete form of the strain-energy function. We will work out some more detailed 
results in the next section. Here we turn to consider the asymmetric buckling of the pressurized 
hollow cylinder based on the solution obtained above. In this case, we have for the incremental 
motion: 
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1
1
1
r r r
r
z z z
u u u
u
r r z
u u u
u
r r z
u u u
r r z
θ
θ θ θ
θ
θ
θ
 ∂ ∂ ∂ 
−  ∂ ∂ ∂  
 ∂ ∂ ∂ 
= +  ∂ ∂ ∂  
 ∂ ∂ ∂
 ∂ ∂ ∂ 
η
 (18) 
with 
 
1 0r z
r
uu u
u
r r z
θ
θ
∂∂ ∂ 
+ + + = ∂ ∂ ∂ 
 (19) 
being the constraint of material incompressibility. 
The equilibrium equations for the incremental field (4) in cylindrical coordinates read as 
 
0 0 0 0 0
0 0 0 0 0
0 0 0 0
1 0
1 0
1 0
rr r rr zr
r r r z
rz z zz rz
S S S S S
r r r z
S S S S S
r r r z
S S S S
r r z r
θ θθ
θ θθ θ θ θ
θ
θ
θ
θ
∂ ∂ − ∂
+ + + =
∂ ∂ ∂
∂ ∂ + ∂
+ + + =
∂ ∂ ∂
∂ ∂ ∂
+ + + =
∂ ∂ ∂
& & & & &
& & & & &
& & & &
 (20) 
The linear constitutive relations (5) become 
 
( )
( )
( )
0 1111 1122 1133
0 1122 2222 2233
0 1133 2233 3333
0 1212 1221
1
1
1
1( )
r z
rr r
r z
r
r z
zz r
r
r
uu uS p u p
r r z
uu uS p u p
r r z
uu uS u p p
r r z
u uS p u
r r
θ
θ
θθ
θ
θ
θ θ
θ
θ
θ
θ
∂∂ ∂ 
= + + + + − ∂ ∂ ∂ 
∂∂ ∂ 
= + + + + − ∂ ∂ ∂ 
∂∂ ∂ 
= + + + + − ∂ ∂ ∂ 
∂ ∂
= + + −
∂ ∂
& &
& &
& &
&
B B B
B B B
B B B
B B
( )
( )
( )
( )
( )
0 1331 1313
0 2121 1221
0 2323 2332
0 3131 1331
0 3232 2332
1
1
1
r z
rz
r
r
z
z
r z
zr
z
z
u uS p
z r
uuS u p
r r
uuS p
r z
u uS p
z r
u uS p
z r
θ
θ θ
θ
θ
θ
θ
θ
θ
θ

 

∂ ∂
= + +
∂ ∂
∂∂ 
= − + + ∂ ∂ 
∂∂
= + +
∂ ∂
∂ ∂
= + +
∂ ∂
∂ ∂
= + +
∂ ∂
&
&
&
&
&
B B
B B
B B
B B
B B
 (21) 
where, in general, both ijklB  and p  depend on r . While the instantaneous elastic moduli ijklB  
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are determined according to their definition in Eq. (6), the hydrodynamic stress p  can be obtained 
from Eqs. (16)2 and (2)2. 
On the inner and outer cylindrical surfaces, we have 0A =t 0&  and 
T
0 0 0V a ap p= −t η n n& & , where 
0ap  is the pressure (i.e. the internal pressure ip  or the external pressure op ). Thus, the boundary 
conditions (8) become  
 
( )
( )
0 0 0
0 0 0
1
, ,
1
, ,
r r r
rr i r i rz i
r r r
rr o r o rz o
u u uS p S p u S p r a
r r z
u u uS p S p u S p r b
r r z
θ θ
θ θ
θ
θ
∂ ∂ ∂ 
= = − = = ∂ ∂ ∂ 
∂ ∂ ∂ 
= = − = = ∂ ∂ ∂ 
& & &
& & &
 (22) 
where, we have assumed 0 0ap =&  during the incremental motion [30]. 
4.2. State-space formalism 
To solve the problem, we rewrite Eqs. (21), (20), (19) and (22) as follows: 
 
( )
( )
( )
( )
1111 2 1122 1133
1122 2 2222 2233
1133 2 2233 3333
1212 2 1221
1331
( )
z
rr r r
z
r r
z
zz r r
r
r
r
rz
u up u u r P
z
u u
u p u r P
z
u u
u u r p P
z
u
u p u
u
r p
θ
θ
θθ
θ
θ θ θ
θ
θ
θ
θ
∂ ∂ Σ = + ∇ + + + − ∂ ∂ 
∂ ∂ Σ = ∇ + + + + − ∂ ∂ 
∂ ∂ Σ = ∇ + + + + − ∂ ∂ 
∂ Σ = ∇ + + − ∂ 
∂Σ = +
∂
B B B
B B B
B B B
B B
B
( )
( )
( )
( )
1313 2
2121 1221 2
2323 2332
3131 1331 2
3232 2332
z
r
r
z
z
r
zr z
z
z
u
z
u
u p u
uu
r p
z
u
r p u
z
u u
r p
z
θ θ θ
θ
θ
θ
θ
θ
θ
θ
+ ∇
∂ Σ = − + + ∇ ∂ 
∂∂Σ = + +
∂ ∂
∂Σ = + + ∇
∂
∂ ∂Σ = + +
∂ ∂
B
B B
B B
B B
B B
 (23) 
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2
2
2
0
0
0
r zr
rr
z
r r
z zz
rz
r
z
r
z
r
z
θ
θθ
θθ θ
θ θ
θ
θ
θ
θ
∂Σ ∂Σ∇ Σ + − Σ + =
∂ ∂
∂Σ ∂Σ∇ Σ + + Σ + =
∂ ∂
∂Σ ∂Σ∇ Σ + + =
∂ ∂
 (24) 
 2 0zr r
u u
u u r
z
θ
θ
∂ ∂ ∇ + + + = ∂ ∂ 
 (25) 
 
( )
( )
2
2
, ,
, ,
r r
rr i r r i rz i
r r
rr o r r o rz o
u up u p u rp r a
z
u up u p u rp r b
z
θ θ
θ θ
θ
θ
∂ ∂ Σ = ∇ Σ = − Σ = = ∂ ∂ 
∂ ∂ Σ = ∇ Σ = − Σ = = ∂ ∂ 
 (26) 
where 0ij ijrSΣ = & , P rp= & , 2 /r r∇ = ∂ ∂ . Similar to Chen and Lee [48], the following (modified) 
state equation can be derived from Eqs. (23)-(25): 
 2 0∇ =V M V  (27) 
where T[ , , , , , ]r z rr r rzu u uθ θ= Σ Σ ΣV  is the state vector, with ru , uθ , zu , rrΣ , rθΣ , and rzΣ  
being the state variables, and 0M  is the system matrix of order 6 6× , which contains partial 
derivatives with respect to θ  and z  only. The expressions for elements of 0M  are given in Eq. 
(B1) of Appendix B. Clearly, 0M  also depends on r. Expressions for physical quantities other than 
the state variables are also given in Appendix B, see Eqs. (B2)-(B5). 
 
Remark 3: The state-space approach (or the transfer matrix method) has been well developed in the 
analysis of laminated and functionally graded structures, see for instance Fan and Ye [49], Chen 
and Ding [50], and Ding et al. [51]. To the authors’ knowledge, this is the first time for the 
approach to be applied to structures made of incompressible elastic materials. It can be seen that, 
the number of independent state variables (three displacements plus three stress components on the 
cylindrical surface) keeps the same as that of a compressible material, and the Lagrange multiplier 
is a secondary variable that can be deduced from the state variables, see Eq. (B2) of Appendix B. 
Remark 4: The advantage to employ the state-space approach is that we do not need to calculate 
the derivatives of the instantaneous moduli ijklB , see Eq. (B1) of Appendix B. This will be very 
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helpful when analytical expressions for ijklB  could not be obtained, in which case calculating the 
derivatives numerically usually imposes an exorbitant demand on both software and hardware.  
 
4.3. Analytical solution 
Equation (22) presents the boundary conditions on the inner and outer cylindrical surfaces. 
While the ones at the two ends are as follows: 
 ( )0 00, 0, 0 0,zr z zT T u z lθ= = = =& &  (28) 
These correspond to the case that any end section of the cylinder is in smooth contact with a rigid 
sheet as shown in Fig. 1. This kind of boundary conditions is known as the guided or rigidly 
slipping boundary conditions [52], which was implied in the analysis of Wilkes [23]. It is different 
from the simply-supported ones adopted in Zhu et al. [30]. 
To satisfy the conditions (28), we assume 
 
0
0
0
( ) cos( ) cos( )
( ) sin( ) cos( )
( ) cos( )sin( )
( ) cos( ) cos( )
( ) sin( ) cos( )
( ) cos( )sin( )
r
z
rr
r
rz
au m n
au m n
au m n
p a m n
p a m n
p a m n
θ
θ
ξ θ piζ
ξ θ piζ
ξ θ piζ
ξ θ piζ
ξ θ piζ
ξ θ piζ
 
 
 
  
=  Σ 
 Σ
 
Σ  
V
 (29) 
where 0,1,2,m = L is the circumferential mode number; 1,2,3,n = L  is the axial mode number; 
0p  is a pressure like quantity, having the unit of elastic modulus (i.e. N/m2); /r aξ =  and 
/z lζ =
 are the dimensionless radial and axial variables, respectively. Thus, all the functions of ξ  
with an overbar in Eq. (29) are dimensionless. Substituting Eq. (29) into Eq. (27), we get 
 0( ) ( ) ( )ξ ξ ξ ξ∇ =V M V  (30) 
where d/ dξ ξ ξ∇ = , T[ , , , , , ]r z rr r rzu u uθ θ= Σ Σ ΣV , and the elements of 0M  are also given in Eq. 
(B6) of Appendix B. To get a better numerical convergence, we adopt the following change of 
variables  
 
exp( )ξ η=
 (31) 
to transform Eq. (30) to 
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d ( ) ( ) ( )
d
η η η
η
=V M V
   ( [0, ]oη η∈ ) (32) 
where ln( / )o b aη = , and ( )ηM  can be obtained from 0 ( )ξM  simply by making use of Eq. (31). 
It is clear that ( )ηM  depends on η , and hence a simple and exact solution to Eq. (32) cannot be 
obtained. We here employ the layerwise method [53, 54] to divide the inhomogeneous cylinder into 
a laminated one with N  thin layers of equal thickness /ot Nη= , in the sense of the new radial 
coordinate η . The layer is made thin enough so that the system matrix ( )ηM  can be 
approximated to be constant by taking 
 
( ) [( 0.5) ] nn tη ≈ − ≡M M M  1( [ , ]; 1,2, , )n n n Nη η η +∈ = L  (33) 
where ( 1)n n tη = − . With this approximation, we get from Eq. (32) 
 
( ) exp[ ( )] ( )n n nη η η η= −V M V    1( [ , ]; 1,2, , )n n n Nη η η +∈ = L  (34) 
Making use of the continuity conditions at the fictitious interfaces, we obtain 
 
1
1
( ) exp[ ( )] exp( ) (0)n n j
j n
tη η η
= −
= − ∏V M M V   1( [ , ]; 1,2, , )n n n Nη η η +∈ = L  (35) 
Setting oη η=  in the above equation yields 
 
( ) (0)oη =V TV    (36) 
where 
1
exp( )jj N t== ∏T M  is the transfer matrix, through which the state vector at the inner 
surface, (0)V , is directly related to that at the outer surface, ( )oηV . 
To proceed, in view of Eq. (29), we rewrite the boundary conditions (26) as follows 
 
( )
( )
[( ) ], ( ), 0
[( ) ], ( ),
rr i r z r i r rz i r
rr o r o z r o r rz o o r o
p mu u u p mu u p u
p mu u u p mu u p u
θ θ θ
θ θ θ
α α η
αξ αξ η η
Σ = − + + Σ = − + Σ = − =
Σ = − + + Σ = − + Σ = − =
 (37) 
where exp( ) /o o b aξ η= = , 0/i ip p p= , 0/o op p p= , and /n a lα pi= . Now substituting Eq. (37) 
into Eq. (36), we get a set of linear algebraic equations as: 
 
T[ (0), (0), (0), ( ), ( ), ( )]r z r o o z ou u u u u uθ θη η η =D 0  (38) 
where D  is the coefficient matrix, whose nonzero elements are given in Eq. (B7) of Appendix B. 
For nontrivial solutions to exist, it is required that 
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0=D
 (39) 
which is the characteristic equation or bifurcation criterion governing the instability of the cylinder. 
For the problem considered in this paper, Eq. (39) is a nonlinear equation about the axial stretch 3λ  
or the external pressure op . Either when the axial stretch 3λ  is specified a priori, or after its 
critical value is determined from Eq. (39), the end force F  is always calculated according to Eq. 
(17), which gives a deterministic relation between the axial stretch and the axial force. 
 
Remark 5: When 0m = , the buckling deformation is axisymmetric and torsionless. Such buckling 
is also known as the barrelling instability [28]. Alternatively, one can assume another solution by 
switching sin( )mθ  and cos( )mθ  in Eq. (29). In that case, 0m =  will correspond to the 
(axisymmetric) torsional mode, but for 0m ≠  the two solutions will give rise to identical results. 
Remark 6: The change of variables obviously eliminates the singularity at 0ξ =  of the differential 
system (30), and hence can improve in certain sense the convergence when we carry out numerical 
calculation based on it. Besides, the transformation also enables some exact solutions to be 
obtained, see Chen and Lee [48]. 
Remark 7: Equation (37) indicates that, due to the finite deformation that is described by the three 
principal stretches ( 1, 2,3)i iλ =  as well as the internal or external pressure, it looks like that the 
respective cylindrical surface is supported by a generalized spring during the incremental 
deformation. This makes the final equations not as simple as the corresponding ones in linear 
elasticity without any undergoing deformation. 
Remark 8: The present state-space approach is somewhat similar to the numerical scheme adopted 
by Zhu et al. [30]. However, they differ from each other at least by the following three aspects: 1) 
The basic variables are different. In our approach, these are state variables, which enable an easy 
incorporation of the boundary/interface conditions into the analysis as shown above, in addition to 
the benefit mentioned in Remark 4; 2) The change of variables that we adopted here is a unique 
feature of our approach, see Remark 6; and 3) For numerical calculation, we use the software 
Mathematica (or Matlab), which is very powerful to perform matrix operations, as needed both in 
our approach and the numerical scheme of Zhu et al. [30].  
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Remark 9: When there is no external pressure, i.e. 0op = , Eqs. (38) and (39) may be simplified to 
 
T[ (0), (0), (0)]h r zu u uθ =D 0  (40) 
 
0h =D
 (41) 
respectively. Equation (40) is obtained by extracting the last three equations only from Eq. (36). The 
nonzero elements of hD  are given in Eq. (B8) of Appendix B. In the case that the internal pressure 
0ip = , simplifying equations similar to the above ones can be derived as well.  
Remark 10: We would also like to emphasize that, the state-space formalism, which was first 
proposed by Thomson in 1950 for vibration analysis of nonuniform beam structures [55] and wave 
propagation analysis of layered media [56], shares the same or similar state equation as the Stroh 
formalism, which was put forward a few years later by Stroh [57]. However, they become different 
in the solution stage: While the state-space formalism is quite straightforward and simple (as shown 
above), many inherent structures and properties of the solution might be delicately revealed using 
the Stroh formalism, but with a heavier labor of mathematics involved [58]. Note that the Stroh 
formalism has been widely applied to the study of waves in nonlinear compressible and 
incompressible elastic materials. Its recent application to the nonlinear Euler buckling of an 
incompressible tube was carried out by Goriely et al. [31], as already mentioned earlier. 
 
5. Numerical results and discussions 
 
5.1. Material model and analytical expressions 
In Section 3, we have not discussed the form of the strain-energy function, which will be 
addressed here. It should be pointed out that, for the finite axisymmetric deformation, the analysis 
in Section 3 is essentially the same as that in Batra and Bahrami [43], and hence we may directly 
employ their results for the incompressible Mooney-Rivlin material, for which the energy function 
is given by 
 ( )( ) ( )( )2 2 2 2 2 21 1 2 3 2 1 2 31 13 32 2W R Rµ λ λ λ µ λ λ λ− − −= + + − − + + −  (42) 
where 1( )Rµ  and 2 ( )Rµ  are material constants that depend on the radial coordinate in FGMs. 
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For infinitesimal deformations, ( ) ( )1 2R Rµ µ−  corresponds to the shear modulus. To be more 
specific, we only consider here the following affine variations of 1( )Rµ  and 2 ( )Rµ : 
 1 10 1 2 20 2( ) 1 , ( ) 1
R RR R
A A
µ µ β µ µ β   = + = +   
   
 (43) 
where 10µ  and 20µ  are material constants of unit N/m2, and 1β  and 2β  are two dimensionless 
parameters characterizing the functionally graded property of the material. For other types of FGMs 
the reader is referred to Batra and Bahrami [43]. The corresponding nonzero instantaneous moduli 
in terms of the principal stretches are given in Eq. (B9) of Appendix B. 
Then, we can obtain 
 
1 3 110 1
2
3 3
2 3 12
20 3 2
3
2 22 2 2
3
10 1 20 22 2 2 2 2
3
3(1 / )ln tan
2 2
3(1 / )ln tan
2 2
1 1
rr i
rr
GG R Ar Rp
R r A G
GG R Ar R K
R r A G
rR r R R R
A R r A r Rθθ
β λµ β
σ λ λ
β λβµ λ
λ
λ
σ σ µ β µ βλ
−
−
  +
= − − + −  
    
  +
+ + − +  
    
      
= + + − + + −      
     
2 22
2 3
10 1 3 20 22 2 2 2
3 3
2 22
3
10 1 20 22 2 2
3
11 1
1 1
zz rr
rr
rR R R
A r A R
rR R Rp
A r A R
λ
σ σ µ β λ µ βλ λ
λµ β µ β σλ
      
= + + − + + −      
      
   
= + + + −   
   
 (44) 
where 1 23r G Rλ −= + , 2 1 23G a Aλ −= − , and 
 
1 310 1
2
3 3
2 32
20 3 2
3
3(1 )ln arctan
2 2
3(1 )ln arctan
2 2
GGa AK
A a A G
GGa A
A a A G
β λµ β
λ λ
β λβµ λ
λ
  +
= + −  
    
  +
− + −  
    
 (45) 
Setting r b=  in Eq. (44)1, we obtain 
 
1 310 1
2
3 3
2 32
20 3 2
3
3(1 / )( ) ln arctan
2 2
3(1 / )ln arctan
2 2
o i
GG B Ab Bp p
B b A G
GG B Ab B K
B b A G
β λµ β
λ λ
β λβµ λ
λ
  +
− − = − + −  
    
  +
+ + − +  
    
 (46) 
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from which a  can be determined in terms of the axial stretch 3λ  and the external pressure op . 
Then, the critical axial stretch 3λ  or external pressure op  can be obtained from Eq. (39).  
The axial force is calculated according to Eq. (17), which for the current material model 
becomes 
 ( ) ( ) ( )BR R RAF F R F B F A= ≡ −  (47) 
with 
( )
2 210 1 3 1 3
32
3 3
2 22 3 2 3
20 3 3
3
32
3 1
10 3 3
2 1 1 3( ) ln arctan
2 4 2 2
1 1 32 ln ln arctan
2 4 2 2
2 1
2
R
Gr RF R R R G G r
R A A G
Gr r RR G R G G r
R R A A G
RR
piµ β λ β λ λλ λ
β λ β λ
piµ λ λ
λ
β
piµ λ λ −
     
= + + −             
       
− + + − +                 
− − + ( ) ( ) 2323 220 3
3
2 1
3 2 3
iK p RRR
A A
piβ
piµ λ λ
−
−   
+ − + −   
   
 
 
Remark 11: A uniform deformation always exists for soft FGM cylinders of an arbitrary radially 
inhomogeneous Mooney-Rivlin material subjected to an end thrust only. The corresponding left 
Cauchy-Green tensor is 
 
1
3
T 1
3
2
3
0 0
0 0
0 0
λ
λ
λ
−
−
 
 
= =  
 
 
Β FF
 (48) 
i.e. both the radial and circumferential stretches are constant, and they are equal. It is easily seen 
that the only nonzero component of Cauchy stress tensor is 
  
2
1 3 2 32
3 3
1 1( ) ( )zz R Rσ µ λ µ λλ λ
   
= − + −   
   
 (49) 
Thus, the equilibrium equations are automatically satisfied, though zzσ  varies in the radial 
direction. Such a uniform deformation has been noticed by many authors, see Haughton and Ogden 
[27] for example, for a homogeneous cylinder; but it has never been reported for highly elastic 
FGM hollow cylinders. The homogeneous deformation for an FGM solid cylinder reported by Batra 
and Bahrami [43] (page 313) seems improper since, in general, the equilibrium equations cannot 
be satisfied identically.  
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5.2. Validation 
To validate the present analysis, we first consider the axial buckling of a hollow cylinder 
composed of a homogeneous incompressible neo-Hookean material under a compressive axial load 
only. The neo-Hookean model is a special case of the incompressible Mooney-Rivlin material, and 
its energy density may be simply obtained by setting 2 ( ) 0Rµ =  in Eq. (42). In addition, for 
homogeneous materials, we have 1 2 0β β= =  in Eq. (43). 
The critical stretch (or compression) of the first four circumferential modes ( 0,1,2,3m = ) 
against /n b lpi  is given in Fig. 2. Note that, to distinguish the critical compression from a general 
stretch, we use cλ  instead of 3λ  in this and the following plots. In the calculation we have set 
1n = , but this does not matter since /n b lpi , as a combined parameter, can either represent the axial 
mode number or a dimensionless stubbiness ratio (i.e. the reciprocal of the slenderness ratio). Also, 
the wall of the cylinder (with / 2B A = ) has been divided into 10 thin layers of equal thickness (in 
the sense of the transformed radial coordinate η ) when using the layerwise method. In addition, it 
is not necessary to specify the value of 1µ  to obtain Fig. 2, as we can see directly from Eqs. (41) 
and (46), with 0o ip p= = . 
The results calculated by our method are compared with those by Goriely et al. [31] that are 
marked by the discrete dots in Fig. 2. It is seen that the present results agree well with those in 
Goriely et al. [31], whose analysis was based on the Stroh formalism. Also, the results for the 
axisymmetric mode ( 0m = ) coincide perfectly with those in Wilkes [23]. 
 
Fig. 2 Critical compression of a homogeneous incompressible neo-Hookean hollow cylinder.
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5.3. Asymmetric buckling under end thrust 
Having validated our analysis by comparing with the existing solutions in the previous 
subsection, we now consider the asymmetric axial buckling of the soft FGM cylinder induced by 
the end thrust. To this end, we take 0op =  and 0ip ≥  to avoid the possibility of bifurcation due 
to the external pressure. In this case, Eq. (41) will be used to obtain the critical axial stretch (axial 
compression) cλ  using an appropriate numerical method. In fact, we have adopted the bisection 
method in our calculations. All is routine, but since the critical axial stretch cλ  is smaller than 1, it 
should be searched downward from an initial value slightly smaller than 1 (due to the compression 
nature) with a sufficiently small step. In our calculation, the critical axial stretch cλ  is obtained 
once the determinant of hD  falls within the numerical tolerance (e.g. 910− ). 
 
5.3.1. Effects of material gradient on critical compression 
We first study the effects of material gradient on the critical axial compression of a soft 
functionally graded hollow cylinder made of incompressible Mooney-Rivlin elastomeric materials. 
For numerical results, we shall always take 
 
5 5
10 201.858 10 Pa, 0.1935 10 Paµ µ= × = − ×  (50) 
which were reported by Batra et al. [59] for the rubber they tested. Other parameters may be 
changed accordingly to study their effects on the buckling behavior of the cylindrical shell. 
Meanwhile, we introduce the following dimensionless quantity to display the numerical results 
graphically: 
 
/B Aγ =
 (51) 
which is the ratio of the inner radius to the outer radius of the shell in the reference configure. It will 
be fixed at 2γ = . 
The variations of critical compression of an internally pressurized soft FGM hollow cylinder 
with different material gradients against the combined parameter /n a lα pi=  are shown in Figs. 3 
and 4. The first three circumferential modes ( 0m = , 1, 2) are considered, and the internal pressure 
is chosen as 10 0.01i ip p µ= = . Just as in the above validation example, the wall of the cylinder is 
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always divided into 10 thin layers such that accurate results are ensured. Although we have set n=1 
in the calculation, buckling of the cylinder for different axial mode numbers may be captured by 
varying the length l (and hence α ) equivalently. For simplicity, 1β  is set to be equal to 2β  (i.e., 
1 2β β β= = ). 
While Fig. 3 is for 0β ≥ , Fig. 4 is for 1 0γ β− < ≤ ; the curves for 0β =  in the figures are 
for a homogeneous cylinder, which are given for comparison. Other negative values of β  are 
generally not permitted on account of the fact that ( ) ( )1 2R Rµ µ−  corresponds to the shear 
modulus of the Mooney-Rivlin material for infinitesimal deformation, which should be positive. 
The results clearly show the effects of material gradient on the critical compression, especially 
when α  is large (i.e. for a short shell or a high axial mode), indicating that the material can be 
tailored using the concept of FGM to tune the buckling behavior of the cylindrical shell. Note that 
the smaller the critical axial compression ( cλ ) is, the more significant the cylinder deforms axially 
under the end thrust. This means that a smaller critical axial compression corresponds to the case 
that the cylinder can endure a large deformation before its buckling.  
 (a)
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(b)  
(c)  
Fig. 3 Critical compressions for the first three circumferential modes of an FGM incompressible 
Mooney-Rivlin hollow cylinder with 0β ≥ . 
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(a)
 
(b)  
(c)
 
Fig. 4 Critical compressions for the first three circumferential modes of an FGM incompressible 
Mooney-Rivlin hollow cylinder with 1 0γ β− < ≤ . 
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0.1, 0mα = =  
 
0.6, 1mα = =  
 
 
5, 2mα = =  
Fig. 5. Global buckling patterns of the functionally graded soft cylinder induced by end thrust.  
 
(a) 
 
(b)  
Fig. 6. Sectional modal displacement distributions in the cylinder:  
(a) zu  along radial direction; (a) zu  along axial direction. 
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Figure 5 shows the global buckling patterns of the functionally graded soft hollow cylinder 
with 10β =  for different combinations of α  and m . Other parameters are the same as before 
(i.e. 2γ =  and 10 0.01i ip p µ= = ) and will not be repeated, except otherwise stated. In general, 
the global buckling pattern is largely dependent on the two wave numbers, i.e. α  and m , as 
shown in the figure. However, other parameters do have certain influence on the modal distribution 
of any field variable in the cylinder. For illustration, we display the distribution of the axial 
displacement zu  at the section 0.5ζ =  along the radial direction in Fig. 6(a) and that at the 
section 1ξ =  along the axial direction in Fig. 6(b). In addition to the parameters indicated in the 
figure, we take 5α = . As we can see, both the axial and radial distributions of the axial 
displacement are obviously affected by the material gradient β . It should be noted that, besides the 
modal shape, the size (e.g. the thickness and length) of the cylinder at the critical point also depends 
on various parameters (e.g. the circumferential mode number m, the axial mode number n, and the 
material gradient β ). For example, when 1m =  and 1n = , the critical stretch is 0.5439cλ = , 
and the corresponding ratio of the inner radius to the outer radii is 1.9468b a =  for the 
homogeneous material ( 0β = ); while they become 0.5609cλ =  and 1.9962b a =  for the 
inhomogeneous material ( 10β = ).  
 
 
Fig. 7 Variation of instantaneous elastic modulus 3333B  in the thickness direction.  
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The increase in β  generally promotes the resistance of the cylinder to the end force. The 
dimensionless critical axial forces 2 10/ (2 )F F Api µ=  for a certain cλ  (e.g. 0.6cλ =  in Fig. 3(a)) 
are indicated in Figs. 3 and 4, definitely confirming the above conclusion. The underlying 
mechanism should be due to the fact that a larger β  corresponds to a stiffer cylinder after the 
initial axial deformation, as shown in Fig. 7, which gives the distributions of a typical instantaneous 
elastic modulus 3333B  along the thickness of the cylinder for different values of β . Other 
instantaneous elastic moduli have similar variations as 3333B .  
However, there may be exceptions. The only exception observed in this example seems to be 
the Euler buckling ( 1m = ) of a slender cylinder, see the inset of Fig. 3(b). In this case, a slender 
FGM cylinder with a large β  becomes prone to buckle in an Euler mode. This should be a result 
of multiple complex factors that may affect the buckling behavior, including the magnitudes as well 
as the distributions of the instantaneous elastic moduli, the geometry of the cylinder, and the axial 
and circumferential buckling modes. Thus, an accurate evaluation of the buckling behavior of 
structures is needed to achieve a reliable design in practical applications.  
It is pointed out that, the material gradient β  can be easily changed by varying the material 
composition (e.g. the volume ratio of each phase included and its spatial distribution) in 
functionally graded materials. Thus, the bifurcation behavior of a soft hollow cylinder could be 
readily tuned or optimized by tailoring its material composition. 
 
Fig. 8 Critical compressions for the first eight circumferential modes ( 0,1, , 7m = L ) 
of an FGM incompressible Mooney-Rivlin hollow cylinder. 
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The critical compressions of an FGM incompressible Mooney-Rivlin hollow cylinder for 
different modes are given in Fig. 8. The buckling behavior shown in the figure is very similar to that 
of a homogeneous cylinder as shown in Fig. 2. In particular, for a slender cylinder (small α ), the 
Euler buckling ( 1m = ) will occur first during compression, and then the mode 2m = . While for a 
short cylinder (large α ), the first barrelling mode ( 0m = ) will be the most unstable mode, but it is 
very close to the Euler buckling mode. The critical compressions for other modes ( 2m ≥ ) are much 
smaller for the cylinder with an intermediate α , for which a larger compressive axial force will be 
required to trigger these high-order buckling modes. 
 
5.3.2. Effects of internal pressure on critical compression 
(a)
 
(b)  
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(c)  
Fig. 9 Critical compressions for the first three circumferential modes of an FGM incompressible 
Mooney-Rivlin hollow cylinder with different internal pressures ( 10β = ). 
(a)  
(b)
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(c)
 
Fig. 10 Critical compressions for the first three circumferential modes of an FGM incompressible 
Mooney-Rivlin hollow cylinder with different internal pressures ( 0.1β = − ). 
(a)
 
(b)
 
Fig. 11 Variations of instantaneous elastic moduli 3333B  and 3333B  along the thickness of the cylinder under 
different internal pressures.
 
The internal pressure could influence the deformation and hence the buckling behavior of the 
FGM hollow cylinder subjected to an end thrust. Figs. 9 and 10 illustrate the effects of the internal 
pressure on the critical axial compression for 10β =  and 0.1β = − , respectively. Generally, the 
resistance of the cylinder to buckling increases as the internal pressure becomes larger. However, 
there are also exceptions, as shown by the insets in Figs. 9 and 10, for the Euler buckling of a 
slender cylinder as well as for the buckling, possibly in any mode, of an ultrashort cylinder. Note 
that, an ultrashort cylinder may become destroyed in a failure mode other than buckling (e.g. 
fracture), which however is out of the scope of this study. 
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The intricate dependence of the resistance of the internally pressurized cylinder to buckling on 
the internal pressure is also a result of the combined effect of multiple factors involved in the 
deformation and buckling processes. For example, though the instantaneous elastic modulus 3333B  
always increases with the internal pressure as shown in Fig. 11(a), 1111B  does not. As shown in Fig. 
11(b), 1111B  decreases with the internal pressure in the inner side of the wall.  
 
5.4. Asymmetric buckling under the combination of axial stretch and external pressure  
Before we discuss the buckling behavior of the cylinder subjected to both axial stretch and 
external pressure based on the bifurcation criterion (39), we first show some results of an externally 
pressurized cylinder without taking account of the buckling. Fig. 12 shows the dimensionless 
external pressure 10o op p µ=  against the normalized deformed inner radius /a a Aλ =  for 
different values of material gradient β , where (a) is for different axial stretches 3λ  but with an 
identical thickness ratio 2γ =  and (b) is for different thickness ratios but with an identical axial 
stretch 3 1λ = . The results are calculated according to Eq. (46) with 0ip = ; for 0ip ≠ , all results 
keep unchanged except that op  should be replaced with o ip p− .  
It is seen from Fig. 12 that the material gradient plays a critical role in the relation between the 
external pressure and the deformed inner radius. Since the stiffness of the cylinder generally 
increases with β , an FGM cylinder with a larger β  deforms and results in a larger aλ  under the 
same external pressure, i.e. its deformation is smaller than that with a smaller β . In addition, the 
longer the cylinder stretches axially (large 3λ ), the smaller the deformed inner radius becomes 
provided that the cylinder is subjected to the same external pressure. This is also understandable 
since a thick hollow cylinder would deform much less than a thin one (as shown in Fig. 12(b)), 
though there may be some effect from the change of effective material constants in the case of an 
axially stretched cylinder. Nevertheless, as we can see from Fig. 12(b), a thin FGM cylinder (say 
2, 10γ β= = ) may have a higher resistance to the radial deformation induced by the external 
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pressure than a thick homogeneous cylinder (say 5, 0γ β= = ). This should be a result of the 
competition between the geometric and material effects. 
 
(a)
 
(b)
 
Fig. 12 Plot of op  against aλ  for different material gradients: 
(a) Results by changing axial stretch; (b) those by changing thickness ratio. 
(a)
 
(b)
 
(c)
 
(d)
 
Fig. 13 Bifurcation curves for different buckling modes: 
(a) m = 1; (b) m = 2; (c) m = 3; (d) m = 4;
 
In obtaining Fig. 12, we have not considered the possibility of buckling of the cylinder under 
the external pressure. To capture the bifurcation phenomenon induced by a combination of axial 
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stretch and external pressure, calculation should be made based on Eqs. (39) and (46). The 
bifurcation phase diagrams thus obtained in form of the 3aλ λ−  plane [26, 27] for the first four 
asymmetric circumferential modes are depicted in Fig. 11. In particular, the bifurcation curves of 
the first mode (m = 1) for a cylinder under both negative ( 0op < ) and positive ( 0op > ) external 
pressure are shown in Fig. 13(a), while the m = 2, 3 and 4 curves for a positive external pressure are 
displayed in Fig. 13(b), (c), and (d), respectively. It is seen that a long cylinder (with a large δ ) is 
more likely to buckle than a short one under a positive external pressure. This is because the 
corresponding curves are closer to the baseline 0op = , indicating that a smaller external pressure 
is needed for the cylinder to buckle. As expected, for both short and long cylinders, it is, in general, 
impossible for them to buckle under the combination of an axial stretch ( 3 1λ ≥ ) and a negative 
external pressure ( 0op < ). Actually, the bifurcation curve segment for 3 1λ ≥  can be identified as 
a result of the action of a positive external pressure; the segment for 0op <  is caused by the axial 
compression ( 3 1λ < ); and the segment in-between is a hybrid result. However, we also notice from 
Fig. 13(a) that, the bifurcation curve for the long cylinder ( 10δ = ) does exist for 3 1λ ≥  and 
0op < . This particular phenomenon should correspond to the softening stage during large 
deformation of a nonlinear material [60].  
It is also very interesting to observe that, the material inhomogeneity may have a profound 
effect on the buckling behavior of the cylinder. For example, when 1δ = , we find from Fig. 13(a) 
that the two bifurcation curves ( 0,10β = ) have a crossing point ( 3 0.586λ = ) for 0op > : Above 
this point ( 3 0.586λ < ) the inhomogeneous cylinder ( 10β = ) is more prone to buckle, but below 
this point ( 3 0.586λ > ) the homogeneous cylinder ( 0β = ) can sustain a smaller external pressure.  
Fig. 14 presents the bifurcation curves of the FGM cylinder with 10β =  for two normalized 
lengths. Roughly, when the cylinder is under an axial compression ( 3 1λ < ), the first mode (m = 1) 
seems to be the most unstable mode. More accurately, in the short cylinder case as shown in Fig. 
14(a), there are crossing points for 3 1λ <  (they are not necessarily identical, as may be seen from 
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Fig. 14(b)), and only above the crossing point that the mode m =1 curve intersects with other mode 
curves, the mode m =1 becomes more unstable. The above description but with a reverse meaning 
can be applied to the case of axial extension ( 3 1λ > ) as well. Then the mode m =1 are in general the 
most stable mode, which means a larger pressure is required for a cylinder to buckle into the mode 
m=1. The mode m =4 is the most unstable for the short cylinder, but the mode m = 2 becomes the 
most unstable for the long cylinder. There are some exceptions though, depending on the crossing 
points shown in Fig. 14(b). In Fig. 14, we have indicated the bifurcation pressures for two selected 
axial stretches (either compression or extension) in each diagram. As we can see, the closer the 
curve gets to the baseline ( 0op = ), the smaller the bifurcation external pressure is. This clearly 
verifies the related conclusions drawn above. 
(a)
 
(b)
 
Fig. 14 Bifurcation curves for the first four asymmetric modes with 10β =  
and two different lengths: (a) 1δ = ; (b) 10δ = .
 
(a)
 
(b)
 
Fig. 15 Effect of internal pressure on bifurcation curves for short and long cylinders: 
(a) 1δ = ; (b) 10δ = .
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To obtain the results in Figs. 13 and 14, we have taken 0ip = . It is noted that, although only 
the pressure difference (or the net pressure) 
o ip p p∆ = −  appears in Eq. (46), both the internal and 
external pressures are involved independently in Eq. (39). To show the effect of internal pressure, 
we change its magnitude and display the corresponding bifurcation curves in Fig. 15. As shown in 
the figure, the net pressure changes when the internal pressure varies. For example, for the long 
cylinder, when the axial stretch is kept at 3 2.5λ = , the normalized net pressure 10/p p µ∆ = ∆  
equals 0.4979, 5.2425, and 14.4963, respectively for 0,10, 20ip = . Thus, the difference between 
the external and internal pressures increases when increasing the internal pressure. 
 
6. Conclusions 
In this paper, a systematic instability analysis was conducted for functionally graded 
elastomeric circular hollow cylinders or cylindrical shells subjected to both end thrust and 
internal/external pressure. An efficient and accurate approach that is based on the state-space 
formalism as well as the layerwise method was developed, which seems to be advantageous over 
other available methods in terms of easy implementation.  
For a specific functionally graded Mooney-Rivlin model with affine variations of its material 
constants along the radial direction, some analytical results were also derived and presented. In 
particular, we found that for an FGM cylinder of Mooney-Rivlin materials, a uniform deformation 
exists, just as a homogeneous cylinder, when it is subjected to end thrust only. Detailed parametric 
studies were first carried out to show the effects of material gradient and internal pressure on the 
general asymmetric buckling behavior of an internally pressurized FGM hollow cylinder. It was 
generally observed that, both an increase in the material gradient parameter β  and the internal 
pressure can lead to a stiffening effect, that is to say, the resistance of the cylinder to buckling is 
enhanced. However, there are some exceptions. The material gradient also plays an important role 
in the asymmetric buckling of the hollow cylinder under a combination of axial stretch and external 
pressure. Larger bifurcation pressure is required for an FGM cylinder than that for a homogeneous 
one. All the results just as expected and some exceptional observations indicate that the buckling 
behavior of the soft cylinder may be actively tuned by changing the material gradient (or material 
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composition) or adjusting the internal and/or external pressure.  
An issue that has not been addressed in the paper is the numerical stability. It is well-known 
that the state-space formalism suffers from the deficiency of numerical instability in dynamic 
analysis when the product of frequency and thickness becomes large enough. This deficiency does 
not show up in the present study since we only considered first several buckling modes and 
employed the change of variables in Eq. (31). It is found that the particular technique can somehow 
retard the appearance of large eigenvalues of the system matrix, which are rightly associated with 
the numerical problem. The impedance matrix method, developed on the basis of Stroh formalism, 
can well overcome the above deficiency, but it is also not unconditionally stable. To develop 
unconditionally stable and also simple algorithms for similar problems is still a challenge [61]. 
With the approach developed in this paper, it becomes feasible to effectively and accurately 
study the buckling behavior of cylinders composed of soft active materials with multifield coupling. 
These soft active structures have found many novel applications in recent years [18]. Also, the 
postbuckling behavior of soft structures is of both practical and theoretical interests [47, 62], but 
different strategies should be developed for an accurate and efficient postbuckling analysis.  
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Appendix A. Eversion of the cylinder  
Turning the elastomeric hollow cylinder inside out without any external forces is defined as 
eversion [63, 64]. The undeformed incompressible FGM elastomeric hollow cylinder is described in 
the reference configuration as 
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, 0 2 , 0A R B Z Lpi≤ ≤ ≤ Θ ≤ ≤ ≤
  (A1) 
Following Haughton and Orr [64], the everted hollow cylinder occupies the region in the current 
configuration 
 
, 0 2 , 0a r b l zθ pi≤ ≤ ≤ ≤ − ≤ ≤
  (A2) 
Note that the inner surface R A=  and the outer surface R B=  of the original hollow cylinder are 
mapped to the deformed surfaces r b=  and r a=  respectively in the everted state. Thus, the 
deformation may be described by 
 3( ), ,r r R z Zθ λ= = Θ = −   (A3) 
where 3 0λ >  is the homogenous stretch in the axial direction, and 2 1 2 23( ) ( )r R a B Rλ −= + −  
due to the material incompressibility. Equation (A3) is slightly different from Eq. (9), but it is 
inessential [43]. The deformation gradient is 
 
3
d / d 0 0
0 / 0
0 0
r R
r R
λ
 
 
=  
 − 
F
  (A4) 
with the principal stretches being 
 1 2 3 3
d
, ,
d
r r
R R
λ λ λ λ= − = =
  (A5) 
For the functionally graded Mooney-Rivlin model in Eq. (42), we may obtain from Eqs. (14) 
and (17), along with taking 0ip = , 0op =  and 0F = , the following two equations:  
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where 2 23Ab A bλ= +  and 2 23Ba B aλ= + . The eversion problem is now fully defined by the 
above two nonlinear homogeneous algebraic equations. If there are nontrivial a  and 3λ  
satisfying Eqs. (A6) and (A7) simultaneously, the cylindrical shell may be everted. 
 
Fig. B1 Plot of 3λ  against /B A  for different material gradients. 
For the incompressible functionally graded Mooney-Rivlin material model specified by Eqs. 
(42) and (43), with the constants given by Eq. (50), we present here some numerical results related 
to the eversion of the cylinder. These are different from those in Batra and Bahrami [43], who are 
mainly interested in the stress distributions in the everted cylinder. Fig. B1 shows the variations of 
the critical axial stretch 3λ  with the thickness ratio /B A . It is seen that the critical axial stretch 
increases with the thickness ratio of the cylinder, and is always larger than 1, indicating that the 
cylinder would become longer after eversion. Interestingly, the material gradient 1 2( )β β β= =  
can enhance the critical axial stretch, and the enhancing is more prominent for a thicker cylinder. 
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Fig. B2 Plot of /a A  against /B A  for different material gradients. 
The curves of the inner radius /a A  after eversion versus the thickness ratio /B A  are 
displayed in Fig. B2. It is seen clearly that the material gradient plays an important role in the 
magnitude of the deformed inner radius: The inner radius of the everted cylinder decreases 
significantly with β . It is also interesting to notice that, the inner radius of an FGM hollow 
cylinder with a small β  generally will expand after eversion ( / 1a A > ), but may shrink when β  
is large. Actually, for the cylinder with a large β , the variation of /a A  with /B A  is not 
monotonous. For example, when 5β = , /a A  first decreases with /B A  from 1, achieves the 
smallest value around / 1.89B A = , and then increases and goes through 1 around / 2.58B A = . 
 
Appendix B. Some analytical expressions 
The non-zero elements, 0 ( , 1, 2, , 6)ijM i j = L , of the system matrix of Eq. (27) can be derived 
as: 
 011 012 0131, ,M M M r
zθ
∂ ∂
= − = − = −
∂ ∂   
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1221 1221
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z
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∂
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B B
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 (B1) 
Once the state variables have been obtained, the other physical quantities can be calculated by 
 1122 1111 1133 1111( ) ( ) zrr r
u uP p u r p
z
θ
θ
∂ ∂ 
= −Σ + − − + + − − ∂ ∂ 
B B B B
 (B2) 
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∂
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B B B B
 (B3) 
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The non-zero elements, 0 ( , 1,2, ,6)ijM i j = L , of the system matrix of Eq. (30) can be derived 
as: 
 011 012 0131, ,M M m M αξ= − = − = −  
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 (B6) 
where /n a lα pi= .  
The following equation gives the nonzero elements of the coefficient matrix D  in Eq. (38): 
 
1 1 4 5 6 2 2 4 5
3 3 4
14 25 36
44 45 46
54 55 64
( ), ( ),
, ( 1,2, ,6)
1, 1, 1,
, , ,
, ,
k k i k k k k k i k k
k k i k
o o o o
o o o o
D T p T T m T D T p T m T
D T p T k
D D D
D p D p m D p
D p m D p D p
α
α
αξ
αξ
= − + + = − +
= − =
= − = − = −
= = =
= = =
L
 (B7) 
where ijT  are the elements of the transfer matrix T . The nontrivial elements of the coefficient 
matrix hD  in Eq. (40) are 
 
1 1 4 5 6 2 2 4 5
3 3 4
( ), ( ),
, ( 3; 4,5,6)
h h
j k i k k k j k i k k
h
j k i k
D T p T T m T D T p T m T
D T p T j k k
α
α
= − + + = − +
= − = − =
 (B8) 
The following nontrivial instantaneous elastic moduli for a Mooney-Rivlin material can be 
calculated from Eqs. (7) and (42): 
 
2 2
1111 1 1 2 13B µ λ µ λ −= − , 2 22222 1 2 2 23B µ λ µ λ −= − , 2 23333 1 3 2 33B µ λ µ λ −= − , 
 
2 2
1212 1 1 2 2B µ λ µ λ −= − , 2 22323 1 2 2 3B µ λ µ λ −= − , 2 21313 1 1 2 3B µ λ µ λ −= − , 
 
2 2
2121 1 2 2 1B µ λ µ λ −= − , 2 23232 1 3 2 2B µ λ µ λ −= − , 2 23131 1 3 2 1B µ λ µ λ −= − , 
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2 2
1221 2112 2 1 2( )B B µ λ λ− −= = − + , 2 22332 2 2 3( )B µ λ λ− −= − + , 2 21331 2 1 3( )B µ λ λ− −= − + , (B9) 
where the material constants 1µ  and 2µ  as well as the two principal stretches 1λ  and 2λ  are all 
functions of the radial coordinate R , if the material is functionally graded. Even when the material 
is homogeneous, the two principal stretches 1λ  and 2λ  in general still depend on the radial 
coordinate R , and hence the cylinder behaves like a functionally graded material during its 
incremental motion. (However, when the internal and external pressures are both zero, a uniform 
deformation state does show up, see Remark 11 in the text.) 
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